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a b s t r a c t
Let G = (V , E) be a graph. A set S ⊆ V is a restrained dominating set if every vertex in V−S
is adjacent to a vertex in S and to a vertex in V −S. The restrained domination number of G,
denoted γr (G), is the smallest cardinality of a restrained dominating set of G. We will show
that if G is a connected graph of order n and minimum degree δ and not isomorphic to one
of nine exceptional graphs, then γr (G) ≤ n−δ+12 .
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
For notation and graph theory terminology we in general follow [14]. Specifically, let G = (V , E) be a graph with vertex
set V of order n and edge set E. For a set S ⊆ V , the subgraph induced by S in G is denoted by 〈S〉. If G1 is an induced subgraph
of G, then G−G1 will denote the induced graph 〈V (G)− V (G1)〉. The minimum degree (resp., maximum degree) among the
vertices of G is denoted by δ(G) (resp.,∆(G)). A one regular spanning subgraph of a graph G is called a one factor of G.
A set S ⊆ V is a dominating set ofG, denotedDS, if every vertex not in S is adjacent to a vertex in S. The domination number
of G, denoted γ (G), is the minimum cardinality of a DS. The concept of domination in graphs, with its many variations, is
now well studied in graph theory. A thorough study of domination appears in [14,15].
A set DS S ⊆ V is a restrained dominating set, denoted RDS, if every vertex in V − S is adjacent to a vertex in V − S. Every
graph has a restrained dominating set, since S = V is such a set. The restrained domination number of G, denoted γr(G), is the
minimum cardinality of a RDS of G. Restrained domination was introduced by Telle and Proskurowski [17], albeit indirectly,
as a vertex partitioning problem and further studied, for example, in [2–4,6,7,5,9–13,16,18].
One possible application of the concept of restrained domination is that of prisoners and guards. Here, each vertex not
in the restrained dominating set corresponds to a position of a prisoner, and every vertex in the restrained dominating set
corresponds to a position of a guard. Note that each prisoner’s position is observed by a guard’s position (to effect security)
while each prisoner’s position is seen by at least one other prisoner’s position (to protect the rights of prisoners). To be cost
effective, it is desirable to place as few guards as possible (in the sense above).
Let B be the set of graphs depicted in Fig. 1, and let H be the set of graphs G for which δ(G) ≥ 2 and at least one
component is isomorphic to some Bi ∈ B. LetK be the set of all even order complete graphs of order at least six with a one
factor removed, and letR = H ∪K .
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Fig. 1. The collectionB of graphs.
The following result was proved in [7].
Theorem 1. Let G be a connected graph with δ ≥ 2. If G 6∈ B , then γr(G) ≤ n−12 .
Berge [1] was the first to observe that γ (G) ≤ n−∆, and graphs achieving this bound were characterized in [8]. Recently it
was shown in [3] that if G is a connected graph of order n and δ ≥ 2, then γr(G) ≤ n−∆. Thus, if δ ≥ 2, then γr(G) ≤ n− δ.
Our aim in this paper is to improve the latter boundon the restraineddomination number in terms of the order andminimum
degree of the graph. We shall show:
Theorem 2. Let G be a connected graph with δ ≥ 2. If G 6∈ B ∪K , then γr(G) ≤ n−δ+12 .
2. Proof of Theorem 2
We will employ induction on n. When n = 3, the graph G is a 3-cycle, and so γr(G) = 1 = 3−2+12 . This establishes the
base case. For the inductive hypothesis, let n ≥ 4 and assume that for all connected graphs G′ with minimum degree δ′ ≥ 2
of order n′ with 3 ≤ n′ < n for which G′ 6∈ B ∪K , we have γr(G′) ≤ n′−δ′+12 . Let G be a connected graph of order n such
that δ ≥ 2 and G 6∈ B ∪K . If δ = 2, the result is a consequence of Theorem 1. Thus, we also assume δ ≥ 3.
We begin with the following observations.
Observation 3. Let H be a subgraph of G such that δ(H) ≥ 2 and 3 ≤ n(H) < n(G). If H 6∈ R, then γr(H) ≤ n(H)−δ(H)+12 .
Proof. SupposeH 6∈ R. IfH is connected, thenH 6∈ B∪K , and so, by the induction hypothesis,wehave γr(H) ≤ n(H)−δ(H)+12 .
Assume therefore that H is disconnected. Since δ(H) ≥ 2, each component of H has order at least three and size at least
three. Suppose first that H has a component C ∈ K . Then γr(C) = 2, while n(C) = 2+ δ(C) ≥ 2+ δ(H), and so the graph
C ′ = H − C has order at most n(H)− δ(H)− 2. As H 6∈ H , no component of C ′ is inB, and so applying Theorem 1 to each
component of C ′, we have γr(C ′) ≤ n(C ′)−12 . Hence γr(H) ≤ 2+ n(C
′)−1
2 = 2+ n(H)−δ(H)−32 = n(H)−δ(H)+12 .
We therefore assume that no component ofH is inK , and so no component ofH is inB∪K . If C is an arbitrary component
of H , then δ(C) ≥ δ(H), and so, by the induction hypothesis, we have γr(C) ≤ n(C)−δ(C)+12 ≤ n(C)−δ(H)+12 . Moreover, by
applying Theorem 1 to each component of C ′ = H − C , we have γr(C ′) ≤ n(C ′)−12 . Hence γr(H) ≤ n(C)−δ(H)+12 + n(C
′)−1
2 =
n(H)−δ(H)
2 <
n(H)−δ(H)+1
2 . 
If the removal of some induced subgraph ofG results in a disconnected graph, then C(i)will denote the subgraph ofG induced
by all components which are isomorphic to Bi, i = 1, . . . , 8.
Let G1 be a nonempty induced subgraph of G and suppose G2 = G− G1 has δ(G2) ≥ 2. Let S1 be a RDS of G1.
Observation 4. If V (C(i)) 6= ∅ for some i ∈ {2, . . . , 8}, then there exists a RDS of cardinality at most |S1| + n(G2)−12 .
Proof. Suppose that V (C(i)) 6= ∅ for some i ∈ {2, . . . , 8}.
Suppose that a component ofG2 is isomorphic to C5, and let s ∈ V (C5). If V (G2)−C(2) = ∅, thenG has aRDS of cardinality
at most |S1| + 2n(C(2))5 ≤ |S1| + n(G2)−12 .
If V (G2 − C(2)) 6= ∅, then the graph G2 − C(2) has, by Theorem 1, a RDS S3 with cardinality at most n(G2)−n(C(2))2 . If s is
adjacent to a vertex in S1, choose two vertices at distance two from s on C5. If s is adjacent to a vertex in V (G1)− S1, choose
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two neighbors of s on C5. Taking the union of the union of all these two element sets and the set S1 ∪ S3 we obtain a RDS of
G of cardinality at most |S1| + n(G2)−n(C(2))2 + 2n(C(2))5 ≤ |S1| + n(G2)−12 .
Hence, we may assume that C(2) = ∅.
Suppose that C ′ = C(4) ∪ C(6) ∪ C(7) ∪ C(8) 6= ∅.
If V (G2 − C ′) 6= ∅, then the graph G2 − C ′ has, by Theorem 1, a RDS S3 of cardinality at most n(G2)−n(C ′)2 .
Let uk be a degree two vertex in the kth component of C ′, and relabel u8 as u0. If uk is adjacent to a vertex in S1,
choose the set {u(k+2) mod 8, u(k+5) mod 8, u(k+6) mod 8} and if uk is adjacent to a vertex in V (G1) − S1, choose the set
{u(k+1) mod 8, u(k+4) mod 8, u(k+7) mod 8}. Taking the union of the union of all these three element sets and the set S1 ∪ S3, we
obtain a RDS of cardinality at most |S1| + n(G2)−n(C ′)2 + 3n(C
′)
8 ≤ |S1| + n(G2)−12 .
Suppose that C(3) 6= ∅.
If V (G2−C(3)) 6= ∅, then the graphG2−C(3) has aRDS S3 of cardinality atmost n(G2)−n(C(3))2 . If, without loss of generality,
u2 is adjacent to a vertex in V (G1) − S1, choose the set {u1, u3} and if u2 is adjacent to a vertex in S1, then choose the set
{u4, u6}. If we take the union of the union of all these two element sets and the set S1∪S3, we obtain a RDS of G of cardinality
at most |S1| + n(G2)−n(C(3))2 + n(C(3))3 ≤ |S1| + n(G2)−12 .
Suppose that C(5) 6= ∅.
If V (G2− C(5)) 6= ∅, then the graph G2− C(5) has a RDS of cardinality at most n(G2)−n(C(5))2 . If, without loss of generality,
u4 is adjacent to a vertex in S1, choose the set {u6, u3, u8}. If u4 is adjacent to a vertex in V (G1)−S1, choose the set {u1, u3, u2}.
If we take the union of the union of all these three element sets and the set S1 ∪ S3, we obtain a RDS of G of cardinality at
most |S1| + n(G2)−n(C(5))2 + 3n(C(5))8 ≤ |S1| + n(G2)−12 . 
Observation 5. The graph G has a RDS of cardinality at most |S1| + n(G2)2 and if V (G2) − V (C(1)) 6= ∅, then G has a RDS of
cardinality at most |S1| + n(G2)−12 .
Proof. Suppose that V (G2) − V (C(1)) 6= ∅. Now, by Observation 4 or Theorem 1, the graph G has a RDS of cardinality at
most |S1|+ n(G2)−12 . If V (G2)−V (C(1)) = ∅, then G2 has a RDS of cardinality at most n(G2)2 , and so G has an RDS of cardinality
at most |S1| + n(G2)2 . 
LetWi(G) denote the set of all vertices in Gwith degree i. We say that a vertex u has Property 1 if there is a subset X in N(u)
such that 〈X〉 contains no isolates and |X | = δ− 1. We say a vertex u has Property 2 if deg(u) = δ+ 1, there is a subset X in
N(u)with |X | = δ and a vertex x ∈ X such that x is adjacent to every vertex in X−{x}. We say that aminimumdegree vertex
u has Property 3 if there are vertices v1, v2 ∈ N(u) such that v1 and v2 are isolated in 〈N(u)〉. The vertex u has Property 4 if
there are vertices v1, v2 ∈ N(u) that are adjacent and have degree one in 〈N(u)〉 .
Observation 6. Let G1 = 〈X ∪ {u}〉 and G2 = G− G1. If the vertex u has Property 1 and δ(G2) ≥ 2, then γr(G) ≤ n−δ+12 .
Proof. Suppose that u has Property 1 and δ(G2) ≥ 2. Note that n(G2) = n−δ. The set S1 = {u} is a RDS of G1. If G2 contains a
component isomorphic to Bi for some i ∈ {2, 3, . . . , 8}, then, by Observation 4, there exists a RDS of G of cardinality at most
|S1|+ n(G2)−12 and so γr(G) ≤ n(G2)−12 +1 ≤ n−δ−12 +1 ≤ n−δ+12 . By Observation 5, wemay assume that V (G2)−V (C(1)) = ∅.
So suppose that G2 has a component isomorphic to B1. Note that if V (G2 − B1) 6= ∅, then the graph G3 = G2 − B1 has a
RDS S3 of cardinality at most n(G3)2 . If, without loss of generality, the vertex u1 in B1 is adjacent to u, the set S3 ∪ {u, u3} is a
RDS of G and so γr(G) ≤ |S3| + 2 ≤ n(G3)+42 ≤ n−δ−4+42 ≤ n−δ+12 .
Wemay assume that no vertex on a B1 component is adjacent to u, which implies that u has degree δ − 1 in G, which is
a contradiction. 
The proof of Theorem 2 will follow from three consecutive lemmas. We will now prove the first of these results.
Lemma 7. If deg(u) = δ and u has Property 3 or Property 4, then there is either a vertex with Property 1 or γr(G) ≤ n−δ+12 .
Proof. Suppose that u is a minimum degree vertex which has either Property 3 or Property 4 with vertices v1, v2 ∈ N(u)
defined as above. LetW = {w ∈ V (G)−N[u] | deg(w) = δ(G) and v1, v2 ∈ N(w)}. Let G1 = 〈{u, v1, v2}〉 and G2 = G−G1.
Case 1.W = ∅. Then δ(G2) ≥ δ(G)− 1.
Suppose G2 6∈ R. By Observation 3, G2 has a RDS S2 of cardinality at most n(G2)−δ(G2)+12 . If, without loss of generality, v1
has a neighbor in S2, then the set S2 ∪ {v2} is a RDS of G and if neither v1 nor v2 have neighbors in S2, then they must have
neighbors in V (G2)− S2 and so the set S2∪{u} is a RDS of G. Thus, γr(G) ≤ 1+|S2| ≤ 1+ n(G2)−δ(G2)+12 ≤ 1+ n−3−(δ−1)+12 =
n−δ+1
2 .
Wemay therefore assume that G2 ∈ R.
Suppose G2 ∈ K . Then δ(G2) ≥ 4, n(G2) ≥ 6 and G2 is regular, while n(G2) = δ(G2)+ 2 and n(G) = δ(G2)+ 5.
Suppose δ(G2) ≥ δ(G), let x be a vertex of G2 which is adjacent to v2, and let z ∈ N(x). Then the set {v1, x, z} is an RDS of
G, and so γr(G) ≤ 3 ≤ δ(G2)+6−δ2 ≤ n−δ+12 .
Hence, δ(G2) = δ(G)− 1.
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Note that u is adjacent to at least δ(G) − 2 vertices of G2 with n(G2) = δ(G) + 1. We choose vertices x1, x2, x3 ∈ V (G2)
such that u is adjacent to every vertex in V (G2)− {x1, x2, x3}. Without loss of generality we may assume that x1 is adjacent
to both x2 and x3. The set {u, x1} is a RDS of G and we have that γr(G) ≤ 2 ≤ δ(G2)+5−(δ−1)2 ≤ n−δ+12 .
Hence, G2 6∈ K , and so G2 ∈ H , whence δ(G2) = 2 and so δ(G) = 3. Note that every vertex of degree two in G2 must be
adjacent to at least one vertex of {u, v1, v2}.
Assume G2 ∼= B1 and that u is adjacent to u1. Then n = 7, and {u, u3} is a RDS of Gwith γr(G) = 2 ≤ 7−22 = n−δ+12 .
Wemay assume that G2 6∼= B1.
Suppose V (C(1)∪ C(2)∪ C(4)) 6= ∅ and if V (C(2)∪ C(4)) = ∅, then n(C(1)) ≥ 8. Thus, n(C(1)∪ C(2)∪ C(4)) ≥ 5. Let
G′1 = 〈V (C(1) ∪ C(2) ∪ C(4)) ∪ {u, v1, v2}〉, and G′2 = G− G′1. The graph G′2 has a RDS S ′2 of cardinality at most n(G
′
2)
2 . Since
every degree two vertex in G2 is adjacent to at least one vertex in {u, v1, v2}, it follows that the set S ′2 ∪ {u, v1, v2} is a RDS
of G, and so γr(G) ≤ 3+
∣∣S ′2∣∣ ≤ 3+ n(G′2)2 ≤ 3+ n−3−n(C(1)∪C(2)∪C(4))2 ≤ n+3−n(C(1)∪C(2)∪C(4))2 ≤ n−22 = n−δ+12 .
Thus, V (C(1)∪C(2)∪C(4)) = ∅ or V (C(2)∪C(4)) = ∅ and n(C(1)) = 4. Note that if n(C(1)) = 4 and V (∪i6=1 C(i)) = ∅,
then we are done.
Hence, G2 has a component C isomorphic to Bi where i ∈ {3, 5, 6, 7, 8}. Let G′1 = 〈{u, v1, v2}∪V (C)〉, and let G′2 = G−G′1.
Note that the graph G′2 has a RDS S
′
2 of cardinality at most
n(G′2)
2 .
Suppose that i = 3. We will construct a RDS S ′1 of G′1 of cardinality three since then S ′2 ∪ S ′1 would be a RDS of G and so
γr(G) ≤ 3+
∣∣S ′2∣∣ ≤ 3+ n(G′2)2 ≤ 6+n−92 ≤ n−22 = n−δ+12 .
Note that since deg(u) = 3 in G, it follows that u1 and u2 cannot both be non-adjacent to v1 and v2 as that would mean
that u1 and u2 are both adjacent to u implying deg(u) ≥ 4 in G. It similarly follows that at least one of u4 and u5 is adjacent
to either v1 or v2. Without loss of generality, assume v1 is adjacent to u1. Consider the set {v2, u1, u3}. If this set is a RDS of
G′1, let S
′
1 = {v2, u1, u3} and we are done. Thus, N(u2) = {u1, u3, v2}. Say, without loss of generality, that u4 is adjacent to
v1. The set S ′1 = {v1, u2, u5} is a RDS of G′1 and we are done.
Note that if i ∈ {5, 6, 7, 8}, then a RDS S ′1 of cardinality four of G′1 would suffice since then S ′2 ∪ S ′1 would be a RDS of G
and so γr(G) ≤ 4+
∣∣S ′2∣∣ ≤ 4+ n(G′2)2 ≤ 8+n−112 ≤ n−22 = n−δ+12 .
Suppose that i = 5. We choose any degree two vertex that is adjacent to two degree four vertices, say u3. The set
{u, v1, v2, u3} ∪ S ′2 is a RDS of G.
If i = 6, then the set S ′1 = {u, v1, v2, u8} is a RDS of G′1.
Suppose that i = 7. Assume u and u1 are adjacent. Since deg(u) = 3 in G, it follows that the remaining degree two
vertices in C are adjacent to either v1 or v2. The set S ′1 = {v1, v2, u8, u2} is a RDS of G′1. Thus, by symmetry, u is not adjacent
to any degree two vertices of C . Suppose that v1 is adjacent to u1. If u5 is adjacent to v2, then the set S ′1 = {v2, u7, u3, u1} is
a RDS of G′1. Hence, v1 is adjacent to both u1 and u5. The set S
′
1 = {v2, u4, u1, u6} is a RDS of G′1.
Suppose that i = 8. Assume u and u3 are adjacent. Since deg(u) = 3 in G, it follows that the remaining degree two
vertices in C are adjacent to either v1 or v2. The set S ′1 = {v1, v2, u8, u4} is a RDS of G′1. If u is adjacent to the degree two
vertex u2, then the set S ′1 = {v1, v2, u1, u5} is a RDS of G′1. Thus, by symmetry, it follows that u is not adjacent to any degree
two vertex of C . Suppose that u2 is adjacent to (say) v1. If u6 is adjacent to v1, then the set S ′1 = {v2, u2, u5, u7} is a RDS of
G′1. Hence, u6 is adjacent to v2. The set S
′
1 = {v1, u6, u4, u5} is a RDS of G′1.
Case 2.W 6= ∅.
Case 2.1 There is a vertexw ∈ W such that if |W | ≥ 2, thenw is adjacent to every vertex inW − {w}.
If every neighbor of v1 which is in V − N[u] is also in W , then vertex v1 has Property 1 and we are done. Consider
z ∈ N(v1) ∩ (V (G)− N[u]) and assume that z 6∈ W .
Suppose that vertex z is not adjacent to any of the vertices ofW .
Let G′1 = 〈{u, v1, v2}〉 and let G′2 be the graph obtained from G − G′1 by adding the edge set {zw′ | w′ ∈ W }. Let E(A)
denote the set of added edges. We will refer to an edge in E(A) as an artificial edge. Clearly G′2 is a graph with minimum
degree at least δ(G)− 1.
Suppose first that G′2 6∈ R. By Observation 3, G′2 has a RDS S ′2 of cardinality at most n(G
′
2)−δ(G′2)+1
2 . If z ∈ S ′2, then S ′2 ∪ {v2}
is a RDS of G, and so γr(G) ≤ 1+
∣∣S ′2∣∣ ≤ 1+ n(G′2)−δ(G′2)+12 ≤ 1+ n−3−(δ−1)+12 = n−δ+12 .
Wemay therefore assume that z 6∈ S ′2. If z is adjacent to a vertex in V (G′2)−S ′2 via an edge in E(G)−E(A), andW ∩S ′2 6= ∅,
then S ′2 ∪ {v1} is a RDS of G. If z is adjacent to a vertex in V (G′2)− S ′2 via an edge in E(G)− E(A), andW ∩ S ′2 = ∅, then z is
adjacent to a vertex in S ′2 via an edge in E(G)− E(A), and S ′2 ∪ {u} is a RDS of G. Hence, all vertices adjacent to z via an edge
in E(G)− E(A) are in S ′2, and so S ′2 ∪ {u} is a RDS of G. As before, γr(G) ≤ n−δ+12 .
Thus, we assume G′2 ∈ R.
Since z has degree at least δ(G) in G′2 and every vertex inW has degree δ(G) − 1 in G′2, it follows that G′2 6∈ K . Hence,
G′2 ∈ H . We must also have that δ(G) = 3. Let C be the component of G′2 which contains E(A).
Let G′′1 = 〈{u, v1, v2} ∪ V (C)〉 − E(A) and let G′′2 = G− G′′1 .
Suppose C 6∈ B. By Theorem 1, C has a RDS SC of cardinality at most n(C)−12 . We now adjust the RDS of SC to a RDS SA of
G′′1 of cardinality at most |SC | + 1.
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If z ∈ SC , then SA = SC ∪ {v2} is a RDS of G′′1 . So suppose z 6∈ SC . If z is adjacent to a vertex in V (C) − SC via an edge
in E(G) − E(A), and some w′ ∈ W is in SC , then SA = SC ∪ {v1} is a RDS of G′′1 . If z is adjacent to a vertex in V (C) − SC
via an edge in E(G) − E(A), and W ∩ SC = ∅, then SA = SC ∪ {u} is RDS of G′′1 . Thus, the vertices adjacent to z via
edges in E(G) are all elements of SC . But then SA = SC ∪ {u} is a RDS of G′′1 . By Observation 5, G has a RDS of cardinality
|SC | + 1+ n(G
′′
2)
2 ≤ n(C)+12 + n−3−n(C)2 ≤ n−22 = n−δ+12 .
Hence, assume C ∼= Bi for some i ∈ {1, . . . , 8}.
Vertices in W have degree two in G′2. As δ ≥ 3, z is incident with at least two edges that are not artificial. If |W | ≥ 2,
then, since w is adjacent to every vertex in W − {w} and z is adjacent to every vertex in W , component C has a triangle,
which is a contradiction, as Bi does not contain any triangles. Thus, |W | = 1. This means that there is exactly one artificial
edge in C which joins the vertex z in C of degree at least three with the degree two vertexw′ in C . Moreover, i 6= 1, 2, 4.
Suppose that i = 3.
Suppose that edge e = u5u6 is artificial. If u2 is adjacent to v2, then S ′′1 = {v2, u6, u4} is a RDS of G′′1 . If u2 is adjacent to v1,
then S ′′1 = {v1, u5, u6} is a RDS of G′′1 . Hence, u2 and u are adjacent. Consider S ′′1 = {v2, u6, u3}. Either S ′′1 = {v2, u6, u3} is a
RDS of G′′1 or not. If not, then N(u4) = {u6, u3, v2}, and S ′′1 = {v1, u4, u2} is a RDS of G′′1 .
Now suppose that e = u6u1 is artificial. Either S ′1 = {v2, u5, u1} is a RDS of G′′1 or not. If not, u4 is adjacent to either v1 or
u. By considering {v2, u4, u1}, it follows that u5 is adjacent to either v1 or u. But then S ′′1 = {v2, u6, u3} is an RDS of G′′1 .
By Observation 5, G has a RDS of cardinality 3+ n(G′′2)2 ≤ 3+ n−92 = n−32 ≤ n−δ+12 .
Suppose that i = 5. Without loss of generality, we may assume z = u1 and w′ ∈ {u3, u7}. Recall that z is adjacent to
v1, while w′ is adjacent to both v1 and v2 in C − zw′. If w′ = u3, then {v2, u2, u1, u4} is a RDS of G′′1 . So suppose w′ = u7.
If u and u6 are adjacent, then {u, u1, u8} is a RDS of G′′1 . Thus, u6 is adjacent to either v1 or v2. Without loss of generality,
assume u6 and v1 are adjacent. Then {v1, u1, u4, u7} is a RDS of G′′1 . By Observation 5, G has a RDS of cardinality at most
4+ n(G′′2)2 ≤ 4+ n−112 = n−32 ≤ n−δ+12 .
Suppose i ∈ {6, 7}. Without loss of generality, we may assume z = u8, while w′ = u1. Then {v2, u7, u1, u4} is a RDS of
G′′1 . By Observation 5, G has a RDS of cardinality at most 4+ n(G
′′
2)
2 ≤ 4+ n−112 = n−32 ≤ n−δ+12 .
Lastly, consider the case when i = 8. Then, without loss of generality, either u1u2 or u7u8 is an artificial edge. But then
{v2, u2, u5, u8} ({v2, u1, u4, u7}, respectively) is a RDS of G′′1 , and so, as before, γr(G) ≤ n−δ+12 .
It follows that either v1 has Property 1 or if z ∈ N(v1) ∩ (V (G)− N[u]) and z 6∈ W , then z is adjacent to some vertex of
W . In the later case, v1 also has Property 1.
Case 2.2 |W | ≥ 2 and for everyw ∈ W there is a vertexw′ ∈ W such thatw andw′ are non-adjacent.
Let G′1 = 〈{u, v1, v2}〉 and let G′2 be the graph obtained from G − G′1 by joining any two non-adjacent vertices w and
w′ in W by an edge. Let E(A) denote the set of added edges. Hence, E(G′2) = E(A) ∪ E(G − G′1). Suppose w′′ ∈ W . Then
deg(w′′) ≥ δ−2, while deg(w′′) = δ−2 inG′2means thatw′′ is adjacent to every other vertex ofW , which is a contradiction.
Thus, δ(G′2) ≥ δ − 1.
Suppose G′2 6∈ R. Then, by Observation 3, G′2 has a RDS S ′2 of cardinality at most n(G
′
2)−δ(G′2)+1
2 .
If S ′2 ∩W 6= ∅, then S ′2 ∪ {v1} is a RDS of G, as each vertex inW is dominated by v1, every vertex inW − S ′2 is adjacent to
v2, while v2 is dominated by S ′2 ∩W .
If S ′2 ∩ W = ∅, then S ′2 ∪ {u} is a RDS of G, as each vertex in W is dominated via an edge in G, and every vertex in
W − S ′2 = W is adjacent to both v1 and v2.
In both cases, γr(G) ≤ 1+
∣∣S ′2∣∣ ≤ 1+ n(G′2)−δ(G′2)+12 ≤ 1+ n−3−(δ−1)+12 = n−δ+12 .
We assume that G′2 ∈ R.
Suppose G′2 ∈ K . Note that n(G′2) = δ(G′2)+ 2, while n(G) = n(G′2)+ 3 = δ(G′2)+ 5.
Consider the case when δ(G′2) ≥ δ. Then n(G′2) = δ(G′2) + 2 ≥ δ + 2. Let u′ ∈ W , let u′′ ∈ V (G′2) − N[u′], and let
S ′2 = {v1, u′, u′′}. Then, by the construction of G′2, u′′ 6∈ W . As u′′ 6∈ W , every edge incident with u′′ is also an edge of G. Thus,
S ′2 is a DS of G. Moreover, if xy is an artificial edge of G
′
2, then {x, y} ⊆ W . However, each vertex ofW is adjacent to v2 6∈ S ′2,
which implies that S ′2 is a RDS of G. Hence, γr(G) ≤ 3 = δ+5−δ+12 ≤
δ(G′2)+5−δ+1
2 = n−δ+12 .
Note that G′2 is (δ − 1)-regular.
Note that u is adjacent to δ(G)− 2 vertices in V (G′2), in G. We choose vertices x1, x2, x3 ∈ V (G′2) such that u is adjacent
to every vertex in V (G′2)− {x1, x2, x3}. Since G′2 is (δ − 1)-regular and n(G′2) = δ + 1, it follows that say x2 is adjacent to x1
and x3. If {x1, x2, x3} ⊆ W , then x1, x2 and x3 are all adjacent to v1 in G, and {u, v1} is a RDS of G. Suppose {x1, x2} ⊆ W and
x3 6∈ W . None of the edges incident with x3 are artificial, and, as G′2 is δ − 1 regular, we must have that x3 is adjacent to u
or, without loss of generality, v1. But then {u, v1} is a RDS of G. In all other cases, x1x2 and x2x3 are not artificial edges, and
so {u, x2} is a RDS of G. In all cases, we have γr(G) ≤ 2 < δ+4−δ+12 =
n(G′2)+3−δ(G)+1
2 = n−δ+12 .
Hence, G′2 ∈ H .
Note that δ(G) = 3. Let C be the component of G′2 which contains E(A). Let G′′1 = 〈{u, v1, v2} ∪ V (C)〉 − E(A) and let
G′′2 = G− G′′1 .
Suppose C 6∈ B. By Theorem 1, C has a RDS SC of cardinality at most n(C)−12 . We now adjust the RDS of SC to a RDS SA of
G′′1 of cardinality at most |SC | + 1. IfW ∩ SC 6= ∅, then SA = SC ∪ {v1} is a RDS of G′′1 . IfW ∩ SC = ∅, then SA = SC ∪ {u} is a
RDS of G′′1 . By Observation 5, G has a RDS of cardinality |SC | + 1+ n(G
′′
2)
2 ≤ n(C)+12 + n−3−n(C)2 ≤ n−22 = n−δ+12 .
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Thus, C ∈ B. Since no graph inB contains a triangle, we have |W | = 2, and so C contains exactly one artificial edge.
Suppose that i = 1. If u1u2 is an artificial edge and u3 is adjacent to (say) v1, then S ′′1 = {v2, u3} is a RDS of G′′1 . Thus,
assume u3 and u are adjacent. Then u4 is adjacent to (say) v1 and S ′′1 = {v2, u4} is a RDS of G′′1 . By Observation 5, G has a RDS
of cardinality at most 2+ n−72 = n−32 ≤ n−δ+12 .
Suppose that i = 2, and suppose that u1u2 is an artificial edge. If u5 and v1 are adjacent, then {v2, u5, u2} is a RDS of G′′1 .
Thus, say u5 and u are adjacent. Then u3 and v1 are adjacent, and {v2, u1, u3} is a RDS of G′′1 . By Observation 5, G has a RDS of
cardinality at most 3+ n−82 = n−22 ≤ n−δ+12 .
Suppose i ∈ {6, 7, 8}, and suppose ukuk+1 is an artificial edge. Let u0 = u8. Then {v2, u(k+1) mod 8, u(k+4) mod 8, u(k+7) mod 8}
is a RDS of G′′1 , and so G has a RDS of cardinality at most 4+ n−112 = n−32 ≤ n−δ+12 .
Note that the vertices inW must have the same degree.
Suppose that i = 3. The only possible artificial edge is u1u2 and so {v2, u1, u3} is a RDS of G′′1 . But then G has a RDS of
cardinality at most 3+ n−92 = n−32 ≤ n−δ+12 .
Suppose that i = 5. Either u5u6 or u7u8 is artificial. Without loss of generality, assume u5u6 is an artificial edge. Moreover,
u7 is adjacent to a vertex in {u, v1, v2}. Shouldu7 be adjacent to a vertex in {v1, v2}, wewill assume that v1 andu7 are adjacent.
But then {v2, u8, u1, u5} is a RDS of G′′1 , and so G has a RDS of cardinality at most 4+ n−112 = n−32 ≤ n−δ+12 . 
The following three constructions and observations will be useful later.
Construction A. Suppose the minimum degree vertex u has Property 1, and let {y} = N(u)− X . Moreover, assume y has a
neighbor z in V (G)− N[u], y is not a leaf of G− (X ∪ {u}), there are at least two leaves in G− (X ∪ {u}), and the leaves form
an independent set. Let x be a leaf of G− (X ∪ {u}), distinct from z. Then x is adjacent to every vertex of X .
Let G′1 = 〈X ∪ {x}〉 and we let G′2 be the graph obtained from G− G′1 by joining every leaf in G− G′1 − {u} to u. As before,
the set of added edges will be denoted by E(A) and called artificial edges. Let G′ be the graph obtained from G by adding the
set E(A).
Observation 8. Suppose G′ is obtained by Construction A and let C be the component of G′2 containing u. If C ∼= Bi for some
i ∈ {1, . . . , 8}, then γr(G) ≤ n−δ+12 .
Proof. Let G1 =
〈
V (G′1) ∪ V (C)
〉 − E(A) with G2 = G′ − G1. Let S1 denote a RDS of G1. By Observation 5, the graph G has a
RDS of cardinality at most |S1| + n(G2)2 .
Suppose that i = 1, and assume u = u1 and y = u4. Then u1u2 must be the only artificial edge of G′. If u2 and x are
adjacent, then {x, u4} is a RDS of G1. Hence, u2 is adjacent to every vertex of X . If u3 has a neighbor z in X , then {u, z} is a RDS
of G1. Hence, u3 must be adjacent to x. Since u4 is adjacent to at least one vertex in X ∪ {x}, it follows {u, u3} is a RDS of G1.
Thus, G has a RDS of cardinality at most 2+ n(G2)2 = 2+ n−δ−42 ≤ n−δ+12 .
Suppose that i = 2, and assume u = u1 and y = u5. Then u1u2 must be the only artificial edge of G′. The set {u2, u5, x} is
a RDS of G1, and so γr(G) ≤ 3+ n(G2)2 ≤ 3+ n−δ−52 = n−δ+12 .
Suppose that i = 3, and assume u = u6. If y = u1, then the two other edges incident with u in B3 must be artificial
edges, and as the leaves of G − (X ∪ {u}) form an independent set, we must have that {x, u4, u5} is an independent set in
G− (X ∪ {u}). Thus, each of the vertices in {u4, u5}must be adjacent to every vertex in X . But then {x, u3, u6} is a RDS of G1.
If y = u5, then, as previously each vertex in {u1, u4}must be adjacent to every vertex of X . Let z ∈ X . Then {x, z, u3} is a RDS
of G1.
Thus, u is a degree two vertex in C and it must be adjacent to a degree two vertex in C . Without loss of generality, assume
u = u1. Then u1u2 is artificial. Choosing z ∈ X , we see that {z, u, u3} is a RDS of G1. Thus, γr(G) ≤ 3+ n(G2)2 = 3+ n−δ−62 ≤
n−δ+1
2 .
Suppose i ∈ {4, 6, 7, 8}, and assume u = uk. Then {u(k−1) mod 8, u(k+1) mod 8, u(k+4) mod 8, x} (where u0 is the vertex u8) is
a RDS of G1, and so γr(G) ≤ 4+ n(G2)2 = 4+ n−δ−82 ≤ n−δ+12 .
Suppose that i = 5, and assume u = u1. If y = u7, then the three other edges incident with u in B5 must be artificial
edges, and as the leaves of G − (X ∪ {u}) form an independent set, we must have that {x, u3, u4, u5} is an independent set
in G − (X ∪ {u}). Thus, each of the vertices in {u3, u4, u5} must be adjacent to every vertex in X . But then {x, u1, u2, u6} is
a RDS of G1. If y = u3, then, as previously each vertex in {u4, u5, u7}must be adjacent to every vertex of X . Let z ∈ X . Then
{x, z, u2, u6} is a RDS of G1.
Therefore u has degree two in C . Since u is adjacent to at least one degree two vertex in G′2, we have without loss
of generality, that u = u5 with the edge u5u6 being artificial. The set {u1, u7, u6, x} is a RDS of G1. It now follows that
γr(G) ≤ 4+ n(G2)2 ≤ 4+ n−δ−82 ≤ n−δ+12 . 
Construction B. Suppose the minimum degree vertex u has Property 1, and let {y} = N(u)− X . Moreover, assume y has a
neighbor z in V (G)− N[u], y is not a leaf of G− (X ∪ {u}), and there are at least three leaves in G− (X ∪ {u}) of which two,
say x and x′, are adjacent.
Let G′1 =
〈
X ∪ {x, x′}〉 and we let G′2 be the graph obtained from G− G′1 by joining every leaf in G− G′1 − {u} to u.
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Observation 9. Suppose G′ is obtained by Construction B and let C be the component of G′2 containing u. If C ∼= Bi for some
i ∈ {1, . . . , 8}, then γr(G) ≤ n−δ+12 .
Proof. Let G1 =
〈
V (G′1) ∪ V (C)
〉 − E(A) with G2 = G′ − G1. Let S1 denote a RDS of G1. By Observation 5, the graph G has a
RDS of cardinality at most |S1| + n(G2)2 .
Suppose that i = 1, and assume u1 = uwith u1u2 being artificial. Then u2 has a neighbor z in X . The set {x, z, u4} is a RDS
of G1, whence γr(G) ≤ 3+ n(G2)2 ≤ 3+ n−δ−52 ≤ n−δ+12 .
Suppose that i = 2, and assume u1 = u with u1u2 being artificial. By choosing z ∈ X , we see that {u2, u5, x} is a RDS of
G1, whence γr(G) ≤ 3+ n(G2)2 ≤ n−δ+12 .
Suppose that i = 3, and choose z ∈ X . If u = u6, then {x, z, u2, u3} is a RDS of G1. If u = u1, then u1u2 must be artificial,
and it follows that {x, z, u3, u4} is a RDS of G1. Note that u 6∈ {u4, u5}. In all cases, γr(G) ≤ 4+ n(G2)2 = 4+ n−δ−72 = n−δ+12 .
Suppose i ∈ {4, 6, 7, 8}, and assume u = uk. Then {u(k−1) mod 8, uk mod 8, u(k+1) mod 8, u(k+4) mod 8, x} (where u0 is the vertex
u8) is a RDS of G1, and so γr(G) ≤ 5+ n(G2)2 = 5+ n−δ−92 ≤ n−δ+12 .
Suppose that i = 5, and assume u = u1. If y = u7, then the three other edges incident with u in B5 must be artificial
edges, and each of the vertices in {u3, u4, u5}must be adjacent to every vertex in X . But then {x, u1, u2, u6} is a RDS of G1. If
y = u3, then each vertex in {u4, u5, u7}must be adjacent to every vertex of X . Let z ∈ X . Then {x, z, u2, u6} is a RDS of G1.
Therefore u has degree two in C . Since u is adjacent to at least one degree two vertex in G′2, we have without loss
of generality, that u = u5 with the edge u5u6 being artificial. The set {u1, u7, u6, x} is a RDS of G1. It now follows that
γr(G) ≤ 4+ n(G2)2 ≤ 4+ n−δ−92 ≤ n−δ+12 . 
Construction C. Suppose u has Property 2, and let {y} = N(u) − X . Assume y has a neighbor in V (G) − N[u], G − X has a
leaf different from u, and δ(G− X) ≥ 1. Let G′1 = 〈X〉, and let G′2 be the graph obtained from G− G′1 by joining every leaf in
G− G′1 distinct from u to u.
Observation 10. Suppose G′ is obtained by Construction C and let C be the component of G′2 containing u. If C ∼= Bi for some
i ∈ {1, . . . , 8}, then γr(G) ≤ n−δ+12 .
Proof. Let G1 =
〈
V (G′1) ∪ V (C)
〉 − E(A) with G2 = G′ − G1. Let S1 denote a RDS of G1. By Observation 5, the graph G has a
RDS of cardinality at most |S1| + n(G2)2 .
Suppose that i = 1, and assume u = u1 and y = u4. Then u1u2 must be the only artificial edge of G′. Since δ ≥ 3, each
vertex of C is adjacent in G to at least one vertex of X . Thus, {u1, u2} is a RDS of G1, and so G has a RDS of cardinality at most
2+ n(G2)2 = 2+ n−δ−42 ≤ n−δ+12 .
Suppose that i = 2, and assume u = u1 and y = u5. Then u1u2 must be the only artificial edge of G′. The set {u2, u5, x} is
a RDS of G1, and so γr(G) ≤ 3+ n(G2)2 ≤ 3+ n−δ−52 = n−δ+12 .
Suppose that i = 3, and assume u = u6. Then u is incident in G′ with exactly two artificial edges, and in all cases we have
that {u, u3, u2} is a RDS of G1. If u = u5, then assume, without loss of generality, that u5u6 is artificial, and we deduce that
{u1, u5, u6} is a RDS of G1. Thus, u1u2 is artificial, and assume, without loss of generality, that u = u1. But then {u1, u3, u4} is
a RDS of G1, and so γr(G) ≤ 3+ n(G2)2 = 3+ n−δ−62 ≤ n−δ+12 .
Suppose i ∈ {4, 6, 7, 8}, and assume u = uk. Then {u(k−1) mod 8, uk mod 8, u(k+1) mod 8, u(k+4) mod 8} (where u0 is the vertex
u8) is a RDS of G1, and so γr(G) ≤ 4+ n(G2)2 = 4+ n−δ−82 ≤ n−δ+12 .
So, i = 5. Assume u = u1. Three edges incident with u are artificial, and {u, u2, u6, u8} is a RDS of G1. If u = u5, then u is
incident with exactly one artificial edge, and {u1, u2, u5} is a RDS of G1. Lastly, if u = u3, then u is incident with exactly one
artificial edge, and {u1, u2, u3} is a RDS of G1. Thus, γr(G) ≤ 4+ n(G2)2 = 4+ n−δ−82 ≤ n−δ+12 . 
Lemma 11. If u is a vertex with deg(u) ≥ δ + 1 and u has Property 1, then there exists a vertex u′ with Property 1 and
deg(u′) = δ or γr(G) ≤ n−δ+12 .
Proof. Suppose that u is a vertex with deg(u) ≥ δ+ 1 and that u has Property 1. We consider the subgraph G1 = 〈X ∪ {u}〉
and the graph G2 = G − G1. If δ(G2) = 0, then there is a vertex u′ with N(u′) = X ∪ {u} and deg(u′) = δ. Obviously u′ has
Property 1 and we are done. If δ(G2) ≥ 2, then, by Observation 6, γr(G) ≤ n−δ+12 .
Hence, we may assume δ(G2) = 1. Let u′ be a vertex such that degG2(u′) = 1. If u′ is non-adjacent to u, then u′ is a
minimum degree vertex with Property 1 and we are done. If u′ has minimum degree, is adjacent to u and for some z ∈ X
we have that N(u′) ⊃ {u} ∪ (X − {z}), then u′ has Property 1 and we are done. Thus, {u} ∪ X ⊂ N(u′), deg(u′) = δ + 1 and
u′ has Property 2. Let y ∈ N(u′)− X − {u}.
Claim. If degG2(y) ≥ 2, then we may assume that u′ is the only leaf of G2.
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Proof. Suppose, to the contrary, thatw 6= u′ is a leaf of G2. If deg(w) = δ, thenw is adjacent to a subset X ∪ {u}, andw has
Property 1. Thus, each leaf ofG2 has degree δ+1 inG and is adjacent to every vertex of X∪{u}.We formG′2 fromG2 by joining
every leaf in G2 to u′, whence δ(G′2) ≥ 2. As before, the set of added edges will be denoted by E(A). Let C be the component of
G′2 that contains u′. Then, by Observation 10, C 6∈ B, and so (cf. Theorem1) it follows that C contains aRDS SC of cardinality at
most n(C)−12 . By Observation 5, the graph G
′
2 has a RDS S2 of cardinality at most |SC |+ n(G
′
2)−n(C)
2 =
n(G′2)−1
2 = n−δ−12 . As every
leaf of G2 is adjacent to u and to a vertex in X in G, it follows that {u} ∪ S2 is a RDS of G, whence γr(G) ≤ 1+ n−δ−12 ≤ n−δ+12 .
Case 1. degG2(y) ≥ 3.
LetG′1 =
〈
X ∪ {u, u′}〉 andG′2 = G−G′1. By the Claim, δ(G′2) ≥ 2, while n(G′2) = n−δ−1. As u is aRDS ofG′1, Observation 5
implies that G has a RDS of cardinality 1+ n(G′2)2 = 1+ n−δ−12 = n−δ+12 .
Case 2. degG2(y) = 2.
Then N(y) = {u′, z}, where z ∈ V (G2). Let C be the component of G2 which contains u′, and let C ′ be the graph obtained
from C by adding the edge u′z. By the Claim, δ(C ′) ≥ 2, while degC ′(u′) = degC ′(z). As C ′ contains a triangle, C ′ 6∈ B. By
Theorem 1, C ′ contains a RDS SC ′ of cardinality at most n(C
′)−1
2 . By Observation 5, the graph G
′
2 obtained from G2 by adding
the edge u′z has a RDS S2 of cardinality at most |SC ′ | + n(G
′
2)−n(C ′)
2 =
n(G′2)−1
2 .
If z ∈ S2, then {u′, y} ∩ S2 = ∅, and it follows that {u} ∪ S2 is a RDS of G. So z 6∈ S2. Note that |{y, u′} ∩ S2| = 1. If z is
adjacent to a vertex in S2 − {y, u′}, then S = {u} ∪ S2 − {y} ∪ {u′} is a RDS of G of cardinality 1+ |S2|. Thus, z is not adjacent
to any of the vertices in S2 − {y, u′}. But then S = {u} ∪ S2 − {u′} ∪ {y} is a RDS of G of cardinality 1 + |S2|. It now follows
that γr(G) ≤ 1+ n(G
′
2)−1
2 = 1+ n−δ−12 = n−δ+12 .
Case 3. degG2(y) = 1. If deg(y) = δ, then y has Property 1. Thus, deg(y) = δ+ 1 and N(y) = X ∪ {u, u′}. Applying the same
argument to u′, we see that N(w) ∩ (V (G)− N[y]) = ∅ for every w ∈ X ∪ {u}, and so 〈N[u′]〉 is a component of G. Since G
is connected, G ∼= 〈N[u′]〉. As {u} is a RDS of G, we have γr(G) ≤ 1 ≤ 2+δ−δ+12 = n−δ+12 . 
Before we prove our last Lemma, we make the following Observation. Suppose δ ≥ 4 and the minimum degree vertex u
with Property 1 has one of the following properties:
• Property A: There is a minimum degree vertex x ∈ V (G)− N[u] such that x is adjacent to every vertex X , and there is a
vertexw ∈ V (G)− N[u] − {x} and vertices z ′ and z in X such thatw is adjacent to every vertex in (X − {z, z ′})∪ {x}. Let
G′1 = 〈(X − {z}) ∪ {x, w}〉 and consider the graph G′2 = G− G′1.• Property B: There is a minimum degree vertex x ∈ V (G) − N[u] such that x is adjacent to every vertex in X , and the
vertex y ∈ N(u)− X is adjacent to some vertex in V (G)−N[u] − {x}. Let G′1 = 〈X ∪ {u, x, y}〉 and we consider the graph
G′2 = G− G′1.
Observation 12. If δ(G′2) ≥ 2, then γr(G) ≤ n−δ+12 .
Proof. Let C be a component of G′2 containing a vertex u′′ adjacent to z ′ (y, respectively) when u has Property A (Property
B, respectively). Let G1 = 〈V (G′1) ∪ V (C)〉 and let G2 = G− G1.
Case 1. C 6∈ B.
Let SC be any γr−set of C . Then, by Theorem 1, |SC | ≤ n(C)−12 .
Suppose u has Property A. If z ′ is adjacent to some vertex in V (C) − SC , then SC ∪ {x} is a RDS of G1. If z ′ is adjacent
to a vertex in SC , then SC ∪ {w} is a RDS of G1. By Observation 5, G has a RDS of cardinality at most 1 + |SC | + n(G2)2 ≤
1+ n(C)−12 + n−δ−n(C)2 ≤ n−δ+12 .
Suppose u has Property B. If y is adjacent to some vertex in V (C)− SC , then, for x′ ∈ X , the set SC ∪ {u, x′} is a RDS of G1.
If y is adjacent to a vertex in SC , then, for x′ ∈ X , the set SC ∪{x, x′} is a RDS of G1. By Observation 5, G has a RDS of cardinality
at most 2+ |SC | + n(G2)2 ≤ 2+ n(C)−12 + n−δ−n(C)−22 ≤ n−δ+12 .
Case 2. C ∼= B2.
Suppose u′′ = u1. If u has Property A, then {u5, x, u2} is a RDS of G1, and, by Observation 5, G has a RDS of cardinality
at most 3 + n(G2)2 ≤ 3 + n−δ−52 = n−δ+12 . If u has Property B, then, for x′ ∈ X , the set {u5, u2, u, x′} is a RDS of G1, and, by
Observation 5, G has a RDS of cardinality at most 4+ n(G2)2 ≤ 4+ n−δ−72 = n−δ+12 .
Case 3. C ∼= B3.
Suppose u has Property A. If u′′ ∈ {u1, u3, u4, u5}, then {u6, u2, x} is a RDS of G1. If u′′ is one of the remaining vertices of
C , then {u6, u2, w} is a RDS of G1. As before, G has a RDS of cardinality 3+ n(G2)2 ≤ 3+ n−δ−62 ≤ n−δ+12 .
So, assume u has Property B. If u′′ ∈ {u1, u3, u4, u5}, then, for x′ ∈ X , the set {u6, u2, u, x′} is a RDS of G1. So suppose
u′′ is one of the remaining vertices of C . If, for some x′ ∈ X , we have N(u1) = {u6, u2, x, x′}, then for, x′′ ∈ X − {x′},
the set {u6, u2, x, x′′} is a RDS of G1. Otherwise, {u6, u2, x, x′} is a RDS of G1. By before, G has a RDS of cardinality at most
4+ n(G2)2 ≤ 4+ n−δ−82 ≤ n−δ+12 .
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Case 4. C ∼= B5.
Suppose u has Property A. If u′′ ∈ {u4, u5, u6, u7, u8}, then {u1, u2, u3, x} is a RDS of G1. If u′′ is one of the remaining
vertices of C , then {u1, u2, u3, w} is a RDS of G1. As before, G has a RDS of cardinality 4+ n(G2)2 ≤ 4+ n−δ−82 ≤ n−δ+12 .
So, assume u has Property B. If u′′ ∈ {u4, u5, u6, u7, u8}, then, for any x′ ∈ X , the set {u1, u2, u3, u, x′} is a RDS of G1.
So suppose u′′ is one of the remaining vertices of C . If, for some x′ ∈ X , we have N(u4) = {u1, u2, x, x′}, then, by choosing
x′′ ∈ X − {x′}, we see that {u3, u1, u2, x, x′′} is a RDS of G1. Otherwise {u3, u1, u2, x, x′} is RDS of G1. As before, G has a RDS
of cardinality at most 5+ n(G2)2 ≤ 5+ n−δ−102 ≤ n−δ+12 .
Case 5. C ∼= Bi for i ∈ {4, 6, 7, 8}.
Here u0 will refer to vertex u8, and suppose u′′ = uk. If u has Property A, then {x, u(k+1) mod 8, u(k+4) mod 8, u(k+7) mod 8}
is a RDS of G1, and G has a RDS of cardinality at most 4 + n(G2)2 ≤ 4 + n−δ−82 ≤ n−δ+12 . If u has Property B, then
{x, u, u(k+1) mod 8, u(k+4) mod 8, u(k+7) mod 8} is a RDS of G1, and G has a RDS of cardinality at most 5 + n(G2)2 ≤ 5 + n−δ−102 ≤
n−δ+1
2 .
We therefore assume that y or z ′ is adjacent to only vertices in components that are isomorphic to C4.
Let H be the union of all components of G2 isomorphic to C4.
Suppose u has Property A, and suppose u′′ = u1. If w and u3 are adjacent, then {w, u1} is a RDS of G1, and, as before, G
has a RDS of cardinality at most 2+ n(G2)2 ≤ 2+ n−δ−42 ≤ n−δ+12 .
Hence, wemay assumew and u3 are not adjacent. Suppose x is adjacent to u3. If z ′ is adjacent to a vertex in (X−{z, z ′})∪
{w, u2, u3, u4}, then {x, u1} is a RDS of G1. As before, γr(G) ≤ n−δ+12 . Thus, wemay assume that z ′ is adjacent to some vertex
in H − C . Note that we can construct a RDS SH−C of H − C of cardinality n(H−C)2 such that there is at least one neighbor of z ′
that is not in SH−C . Thus, {x, u1} ∪ SH−C is a RDS of 〈V (G1) ∪ V (H)〉 of cardinality 2+ n(H−C)2 . By Observation 5, the graph G
has a RDS of cardinality 2+ n(H−C)2 + n−δ−4−n(H−C)2 = n−δ2 ≤ n−δ+12 .
It now follows that u3 is adjacent to every vertex of X − {z}. Since δ ≥ 4, it follows that u1 is adjacent to some
vertex x′ ∈ (X − {z, z ′}) ∪ {x, w}. But then {x′, u3} is a RDS of G1, and, as before, G has a RDS of cardinality at most
2+ n(G2)2 ≤ 2+ n−δ−42 ≤ n−δ+12 .
Now suppose u has Property B, and suppose u′′ = u1. If u3 is adjacent to some x′ ∈ X or to x, then {x, x′, u1} is a RDS of
G1. As before, the graph G has an RDS of cardinality at most 3 + n(G2)2 ≤ 3 + n−δ−62 ≤ n−δ+12 . Thus, u3 and y are adjacent,
and {x, u3, y} ∪ S ′ is a RDS of G1. Thus, γr(G) ≤ n−δ+12 . 
Lemma 13. If u is a minimum degree vertex which has Property 1, then γr(G) ≤ n−δ+12 .
Proof. Suppose u is a minimum degree vertex with Property 1, and let N(u)− X = {y}. Moreover, let G1 = 〈X ∪ {u}〉, and
let G2 = G− G1.
Case 1. degG2(y) ≥ 2.
Clearly, δ(G2) ≥ 1. If δ(G2) ≥ 2, then, since {u} is a RDS of G1, we have, by Observation 6, that γr(G) ≤ n−δ+12 . Thus, there
exists a vertex x ∈ W ∩ (V (G2)− {y}), whereW denotes the set of leaves of G2.
Case 1.1. |W | ≥ 2.
Case 1.1.1 x′ ∈ W − {x} is adjacent to x. Then, in G, N[x] = N[x′] = {x, x′} ∪ X .
Case 1.1.1.1 |W | ≥ 3.
LetG′1 =
〈
X ∪ {x, x′}〉, and letG′2 be the graph that is obtained fromG−G′1 by joining every vertex inW−{x, x′} to u. Denote
the component of G′2 containing u by C . By Observation 9, C 6∈ B, whence (cf. Theorem 1) C contains a RDS SC of cardinality
at most n(C)−12 . By Observation 5, the graph G
′
2 has a RDS S2 of cardinality at most |SC | + n(G
′
2)−n(C)
2 =
n(G′2)−1
2 = n−δ−12 . If
u ∈ S2, then, for z ∈ X , the set {z}∪S2 is a RDS of G. Assume u 6∈ S2. If y ∈ S2, then {x}∪S2 is a RDS of G. Thus, {u, y}∩S2 = ∅,
and, as S2 dominates u, we must have (W − {x, x′}) ∩ S2 6= ∅. Then, as every vertex ofW is adjacent to every vertex of X , it
follows that {z} ∪ S2 is a RDS of G, where z ∈ X . In all cases, we obtain a RDS of cardinality at most n−δ+12 .
Case 1.1.1.2 |W | = 2.
Let G′1 =
〈
X ∪ {u, x, x′}〉 and consider the minimum degree two graph G′2 = G− G′1.
If G′2 has components that are not only isomorphic to B1, we have, by Observation 5, that G has a RDSwith cardinality at
most |{z, u}| + n(G′2)−12 = 2+ n−δ−2−12 ≤ n−δ+12 .
Thus, G′2 has components that are only isomorphic to B1. Suppose {u1, u2, u3, u4} is the vertex set of the component that
contains y and, without loss of generality, assume y = u1. Then u4 is adjacent to a vertex of X , say z. Note that {u, z, u2} is a
RDS of 〈V (G′1)∪ {u1, u2, u3, u4}〉, while G− 〈V (G′1)∪ {u1, u2, u3, u4}〉 has a RDS of cardinality exactly half its order. Thus, G
has a RDS of cardinality 3+ n−δ−62 = n−δ2 ≤ n−δ+12 .
Case 1.1.2W is independent.
Let G′1 = 〈X ∪ {x}〉 and G′2 be the graph obtained from G− G′1 by joining each leaf of G− G′1 to u. Let v be the neighbor of
x in G2. AsW is independent, degG−G′1(v) ≥ 1. So, besides the leavesW −{x} ∪ {u} of G−G′1, vertex v is also a leaf of G−G′1
if degG2(v) = 2. LetW ′ denote the set of leaves of G− G′1, and note that y 6∈ W ′.
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Denote the component of G′2 containing u by C . By Observation 8, C 6∈ B, whence (cf. Theorem 1) C contains a RDS SC of
cardinality at most n(C)−12 . By Observation 5, the graph G
′
2 has a RDS S2 of cardinality at most |SC | + n(G
′
2)−n(C)
2 =
n(G′2)−1
2 =
n−δ−1
2 . Suppose u ∈ S2. If degG2(v) = 2, choose z as a neighbor of v in X; otherwise choose z arbitrarily. Then {z} ∪ S2 is a
RDS of G. If u 6∈ S2 and y ∈ S2, then {x} ∪ S2 is a RDS of G. Thus, {u, y} ∩ S2 = ∅, and, as S2 dominates u, we must have that
(W ′ − {u}) ∩ S2 6= ∅. If v 6∈ (W ′ − {u}) ∩ S2, then as every vertex ofW ′ − {u, v} is adjacent to every vertex of X and v is
adjacent to x, we have that {z} ∪ S2 is a RDS of G, where z is an arbitrary vertex of X . Thus, v ∈ (W ′ − {u}) ∩ S2, and so v is
adjacent to a subset Y of X of cardinality δ− 2. Choosing z ∈ X − Y , then, as every vertex ofW ′−{u, v} is adjacent to every
vertex of X , we see that {z} ∪ S2 is a RDS of G. In all cases, we obtain a RDS of cardinality at most n−δ+12 .
Case 1.2.W = {x}.
Define G′1 = 〈X ∪ {y, u, x}〉, and G′2 = G− G′1.
We begin with the following claim:
Claim 1. If x and y are adjacent, then γr(G) ≤ n−δ+12 or degG2(y) ≥ 3.
Proof. Suppose x and y are adjacent and degG2(y) = 2. We will show that γr(G) ≤ n−δ+12 :
Let z be a neighbor of y in G2. SinceW = {x}, we have δ(G′2) ≥ 1. Consider first the case when δ(G′2) ≥ 2. Suppose G′2
does not only consist of components isomorphic to B1, and let v ∈ X . Then, by Observation 5, G has a RDS of cardinality at
most |{x, v}| + n(G′2)−12 = 2+ n−δ−32 = n−δ+12 .
Thus, G′2 only has components isomorphic to B1. Let C be the component containing z, and, without loss of generality,
assume z = u4. Then u1, y, x is a RDS of 〈V (G′1) ∪ {u1, u2, u3, u4}〉, while G − G′1 − {u1, u2, u3, u4} has a RDS of cardinality
exactly half its order. Thus, G has a RDS of cardinality 3+ n−δ−62 = n−δ2 ≤ n−δ+12 .
So, suppose δ(G′2) = 1. SinceW = {x}, the only leaf of G′2 is z. Let G′3 be the graph obtained from G2 by joining x to z. Then
δ(G′3) ≥ 2. Let C be the component ofG′3 that contains y. As C contains a triangle, C 6∈ B, and so (cf. Theorem1) C has aRDS SC
of cardinality n(C)−12 . By Observation 5, the graph G
′
3 has a RDS S2 of cardinality at most |SC | + n(G
′
3)−n(C)
2 =
n(G′3)−1
2 = n−δ−12 .
Now z is adjacent to all vertices in a subset Y of X of cardinality δ− 2. Let v ∈ X − Y . If x ∈ S2, then, choosing v′ ∈ Y , we see
that {v′}∪ S2 is a RDS of G. So suppose x 6∈ S2. If y ∈ S2, then {u}∪ S2 is a RDS of G. Thus, {x, y}∩ S2 = ∅, and, as S2 dominates
x, we must have that z ∈ S2. Then {v} ∪ S2 is a RDS of G. In all cases, we obtain a RDS of G of cardinality at most n−δ+12 . 
By Claim 1, we therefore assume that if x and y are adjacent, then degG2(y) ≥ 3.
Define G′1 = 〈{u, x} ∪ X〉 and let G′2 = G− G′1. SinceW = {x}, we have δ(G′2) ≥ 1.
Suppose δ(G′2) ≥ 3. If G′2 ∈ K , then γr(G′1) = γr(G′2) = 2, and so γr(G) ≤ γr(G′1) + γr(G′2) = 4 ≤ 4+δ(G
′
2)
2 =
δ(G)−1+2+δ(G′2)+2−δ(G)+1
2 = n−δ+12 . As δ(G′2) ≥ 3, G′2 6∈ B, and so G′2 6∈ R. By Observation 3, G′2 has a RDS S2 of cardinality at
most n(G
′
2)−δ(G′2)+1
2 ≤ n−δ−1−3+12 = n−δ−32 . For any z ∈ X , the set S2∪{z, x} is aRDS ofG of cardinality atmost 2+|S2| ≤ n−δ+12 .
If x and y are not adjacent, thenw will denote the vertex adjacent to x.
Claim 2. δ(G′2) ≥ 2 or γr(G) ≤ n−δ+12 .
Proof. If x and y are adjacent, then, sinceW = {x} and degG2(y) ≥ 3, we have δ(G′2) ≥ 2.
So, suppose x and y are not adjacent. Ifw′ ∈ V (G′2)−{w}, then, sinceW = {x} and degG2(y) ≥ 2, we have degG′2(w′) ≥ 2.
Suppose degG′2(w) = 1. Let G′′1 = 〈X ∪ {x}〉, and let G′′2 be the graph obtained from G − G′′1 by joining vertices u and
w. Then δ(G′′2) ≥ 2, degG′′2 (u) = degG′′2 (w) = 2, while degG′′2 (y) ≥ 2. Let C be the component of G′′2 containing u. Let
G′′′1 = 〈V (G′′1)∪ V (C)〉 − {uw} and let G′′′2 = G− G′′′1 . Then δ(G′′′2 ) ≥ 2, and if S1 is a RDS of G′′′1 , then, by Observation 5, G has
a RDS of cardinality |S1| + n(G
′′′
2 )
2 .
If C ∈ B, then C ∈ {B3, B5, B6, B8}.
Suppose C ∼= B3. Then, without loss of generality, we may assume that w = u2, u = u1 and y = u6. Then, for z ∈ X
adjacent to u5, the set {x, z, u4} is a RDS of G′′′1 , and so G has a RDS of cardinality at most 3+ n(G
′′′
2 )
2 = 3+ n−δ−62 ≤ n−δ+12 .
Suppose C ∼= B5. Then, without loss of generality, we may assume that w = u5, u = u6 and y = u2. Then, for z ∈ X
adjacent to u3, the set {x, z, u4, u8} is a RDS of G′′′1 , and so G has a RDS of cardinality at most 4+ n(G
′′′
2 )
2 = 4+ n−δ−82 ≤ n−δ+12 .
Suppose C ∈ {B6, B8}. Then, without loss of generality, we may assume thatw = u6, u = u7 and y = u8. Then, for z ∈ X ,
the set {x, z, u1, u4} is a RDS of G′′′1 , and so G has a RDS of cardinality at most 4+ n(G
′′′
2 )
2 = 4+ n−δ−82 ≤ n−δ+12 .
Thus, C 6∈ B, and so (cf. Theorem 1) C has a RDS SC of cardinality at most n(C)−12 . By Observation 5, the graph G′′2 has a
RDS S2 of cardinality at most |SC | + n(G
′′
2)−n(C)
2 =
n(G′′2)−1
2 = n−δ−12 .
Noww is adjacent to all vertices in a subset Y of X of cardinality δ − 2. Let v ∈ X − Y . If u ∈ S2, then {x} ∪ S2 is a RDS of
G. So suppose u 6∈ S2. If y ∈ S2, then {x} ∪ S2 is a RDS of G. Thus, {u, y} ∩ S2 = ∅, and, as S2 dominates u, we must have that
w ∈ S2. But then {v} ∪ S2 is a RDS of G. In all cases, we obtain a RDS of G of cardinality at most n−δ+12 .
Thus, degG′2(w) ≥ 2, and so δ(G′2) ≥ 2. 
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If δ = 3, then as 〈X〉 contains no isolated vertices, z ∈ X is a RDS of G′1, whence (cf. Observation 5), G has a RDS of cardinality
at most 1+ n−δ−12 = n−δ+12 .
If z ∈ X is adjacent to every vertex of X −{z}, then z is a RDS of G′1, whence (cf. Observation 5), G has a RDS of cardinality
at most 1+ n−δ−12 = n−δ+12 . Thus, we also assume that no vertex in X is adjacent to every other vertex of X .
Thus, δ ≥ 4.
Claim 3. If w′ ∈ V (G′2)− {y} such that degG′2(w′) = 2, thenw′ = w or γr(G) ≤ n−δ+12 .
Proof. Let w′ ∈ V (G′2) − {y} such that degG′2(w′) = 2, and suppose w 6= w′. Let G′′1 = 〈X ∪ {x}〉, and let G′′2 be the graph
obtained from G − G′′1 by joining vertices u and w′. Then δ(G′′2) ≥ 2, degG′′2 (u) = 2, while w′ has degree three and y has
degree at least three in G′′2 .
Let C be the component of G′′2 containing u. Let G
′′′
1 = 〈V (G′′1)∪ V (C)〉− {uw} and let G′′′2 = G−G′′′1 . Then δ(G′′′2 ) ≥ 2, and
if S1 is a RDS of G′′′1 , then, by Observation 5, G has a RDS of cardinality |S1| + n(G
′′′
2 )
2 . Note thatw
′ is adjacent to all vertices in
a subset Y of X of cardinality δ − 2. Let v ∈ X − Y .
If C ∈ B, then C ∈ {B3, B7}.
Suppose C ∼= B3. Then, without loss of generality, we may assume that u6 = y, u3 = w′ and u4 = u. The set {u1, u3, v} is
a RDS of G′′′1 , and so G has a RDS of cardinality at most 3+ n(G
′′′
2 )
2 = 3+ n−δ−62 ≤ n−δ+12 .
Suppose C ∼= B7. Then, without loss of generality, we may assume that u8 = y, u2 = w′ and u1 = u. Then the set
{v, u, u3, u6} is a RDS of G′′′1 , and so G has a RDS of cardinality at most 4+ n(G
′′′
2 )
2 = 4+ n−δ−82 ≤ n−δ+12 .
Thus, C 6∈ B, and so (cf. Theorem 1) C has a RDS SC of cardinality at most n(C)−12 . By Observation 5, the graph G′′2 has a
RDS S2 of cardinality at most |SC | + n(G
′′
2)−n(C)
2 =
n(G′′2)−1
2 = n−δ−12 .
If u ∈ S2, then {v} ∪ S2 is a RDS of G. So suppose u 6∈ S2. If y ∈ S2, then {x} ∪ S2 is a RDS of G. Thus, {u, y} ∩ S2 = ∅, and, as
S2 dominates u, we must have that w′ ∈ S2. But then {v} ∪ S2 is a RDS of G. In all cases, we obtain a RDS of G of cardinality
at most n−δ+12 . 
Thus, degG′2(w) = 2, while N(x) = X ∪ {w}. Moreover, if degG(w) ≥ δ + 1, then arguing as in the proof of Claim 3, we see
that γr(G) ≤ n−δ+12 . Thus,w is not adjacent to exactly two vertices, say z and z ′, of X . Let Y = X − {z, z ′}.
DefineG′′1 = 〈(X − {z}) ∪ {x, w}〉 and letG′′2 = G−G′′1 . If δ(G′′2) ≥ 2, then, byObservation 12, it follows thatγr(G) ≤ n−δ+12 .
Thus, assume δ(G′′2) = 1. As no vertex in X is adjacent to every other vertex of X , vertices y and z both have degree at
least two in G′′2 .
Let G′′′1 = G′′1 and let G′′′2 be the graph obtained from G′′2 by joining every leaf of G′′2 to u. As before, the set of added edges
will be denoted E(A) and called artificial edges.
Let C be the component of G′′′2 containing u. Let G
4
1 = 〈V (G′′′1 ) ∪ V (C)〉 − E(A) and let G42 = G− G41. Then δ(G42) ≥ 2, and
if S1 is a RDS of G41, then, by Observation 5, G has a RDS of cardinality |S1| + n(G
4
2)
2 .
If C ∈ B, then since u has degree at least three in G42, we have C ∈ {B3, B5, B6, B7, B8}.
Suppose C ∼= B3. Then, without loss of generality, we may assume that u = u6. Note that u is incident with exactly one
artificial edge. Suppose, without loss of generality, that uu4 ∈ E(A). Moreover u4 is adjacent to every vertex in (X−{z})∪{w}.
If z = u5, then u1 = y. Since δ ≥ 4, vertex u2 is adjacent to at least one vertex in the set (X − {z}) ∪ {w}, whence
S1 = {x, u3, u1} is a RDS of G41. If uu1 ∈ E(A), then, if without loss of generality we assume z = u5, then y = u4. But then
S1 = {x, u2, y} is a RDS of G41. In all cases, G has a RDS of cardinality at most 3+ n(G
4
2)
2 = 3+ n−δ−62 ≤ n−δ+12 .
Suppose C ∼= B5. Then, without loss of generality, we may assume that u = u1. Suppose uu5 6∈ E(A) and uu7 6∈ E(A). The
set S1 = {w, u, u3, u2} is a RDS of G41 as all vertices are dominated and since δ ≥ 4, we have u4 is adjacent to some vertex
in Y ∪ {z ′, x}. Suppose, without loss of generality, that u5u ∈ E(A). Note that any vertex that is adjacent to u via an artificial
edge is adjacent to every vertex in Y ∪{w, z ′}. Let y′ ∈ Y . Furthermore, since δ ≥ 4, every vertex in {u3, u4, u8} is adjacent to
some vertex in (Y − {y′})∪ {w, z ′, x}. The set S1 = {y′, u, u2, u7} is a RDS of G41. We conclude that G has a RDS of cardinality
at most 4+ n(G42)2 = 4+ n−δ−82 ≤ n−δ+12 .
Suppose C ∈ {B6, B7, B8}. Note that u is incident with exactly one artificial edge. Let u = uk, where uk has degree three
and lies on the cycle on eight vertices. We define u0 = u8. The set S1 = {u(k+1) mod 8, u(k+4) mod 8, u(k+7) mod 8, x} is a RDS of
G41. We conclude that G has a RDS of cardinality at most 4+ n(G
4
2)
2 = 4+ n−δ−82 ≤ n−δ+12 .
Thus, C 6∈ B, and so (cf. Theorem 1) C has a RDS SC of cardinality at most n(C)−12 . By Observation 5, the graph G′′′2 has a
RDS S2 of cardinality at most |SC | + n(G
′′′
2 )−n(C)
2 =
n(G′′′2 )−1
2 = n−δ−12 .
Suppose u ∈ S2. Since z ′ is adjacent to u and every vertex adjacent to u via an artificial edge is adjacent to every vertex in
Y ∪{z ′, w}, we have that {w}∪ S2 is a RDS of G. So suppose u 6∈ S2 and a leaf of G′′2 is in S2. Since every leaf of G′′2 is adjacent to
every vertex in Y ∪{z ′, w}, the set S1 = {z ′}∪ S2 is a RDS of G. Thus, u 6∈ S2, while no leaf of G′′2 is contained in S2. Since every
leaf of G′′2 is adjacent to every vertex in Y ∪{z ′, w}, the set S1 = {x}∪S2 is a RDS of G. In all cases, γr(G) ≤ 1+ n−δ−12 = n−δ+12 .
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Thus, if y has degree two in G′2, then it is the only degree two vertex of G
′
2, while all other vertices of G
′
2 have degree at
least three. Thus, the graph H = G′2 − {y} is a graph with minimum degree at least two. Applying Observation 12, we see
that γr(G) ≤ n−δ+12 .
Case 2. degG2(y) ≤ 1.
As degG2(y) ≤ 1, vertex y is adjacent to at least δ − 2 vertices of X . Let y′ ∈ N(u) − {y} such that y is adjacent to every
vertex in N(u)− {y, y′}. Arguing as previously, we see that y′ is adjacent to at most one vertex in V (G)− N[u].
Suppose N(y) ∩ (V (G) − N[u]) = ∅. Then y is adjacent to every vertex of N[u] − {y}. Let u′ = y and for any
arbitrary z ∈ N(u) − {y′, y}, let X ′ = N[u] − {y, z}. Now clearly 〈X ′〉 contains no isolates and arguing as previously∣∣N(z) ∩ (V (G)− N[u′])∣∣ ≤ 1. Let G′1 = 〈N[u]〉 and G′2 = G − G′1. Then δ(G′2) ≥ 1 and if δ(G′2) ≥ 2, then, as {u} is a
RDS of G′1, G has, by Observation 5, a RDS of cardinality at most 1+ n(G
′
2)
2 ≤ 1+ n−δ−12 = n−δ+12 .
We conclude that G′2 has a leaf, and since
∣∣N(z) ∩ (V (G)− N[u′])∣∣ ≤ 1 for any z ∈ N(u) − {y, y′}, we have that G′2 has
exactly one leaf, say x. Let G′1 = 〈N[u] ∪ {x}〉 and G′2 = G−G′1. The graph G′2 then has at most one vertex of degree two. Thus,
as no graph inB has at most one vertex of degree two, we conclude that G′2 6∈ B. By Theorem 1, G′2 has a RDS of cardinality
at most n(G
′
2)−1
2 . The set {z, x} ∪ S ′2 is a RDS of G and so γr(G) ≤ 2+
∣∣S ′2∣∣ ≤ n(G′2)−12 + 2 ≤ n−δ−3+42 = n−δ+12 .
We conclude that both y and y′ are adjacent to exactly one vertex of V (G)− N[u].
Suppose that δ(G) ≥ 4. For any z ∈ N(u)− {y, y′}, let X ′ = N(u)− {z}. Then 〈X ′〉 contains no isolates, and, reasoning as
previously, |N(z) ∩ (V (G)− N[u])| = 1.
Suppose x is a leaf of 〈V (G) − N[u]〉. Let G′1 = 〈N[u] ∪ {x}〉 and G′2 = G − G′1. Clearly, x is adjacent to δ − 1 vertices
in N(u). Moreover, since every vertex in N(u) has one neighbor in V (G) − N[u], it follows that any vertex in G′2 can be
adjacent to at most x and one neighbor of u in G′1. Hence, G
′
2 has at most one vertex of degree at least two and so G
′
2
cannot have a component in B. Thus G′2 has a RDS S
′
2 of cardinality at most
n(G′2)−1
2 . The set {x, u} ∪ S ′2 is a RDS of G and
so γr(G) ≤ 2+
∣∣S ′2∣∣ ≤ n(G′2)−12 + 2 ≤ n−δ−3+42 = n−δ+12 .
Hence, δ(〈V (G) − N[u]〉) ≥ 2. Let G′1 = 〈N[u]〉 and G′2 = G − G′1. By Observation 5, G has a RDS of cardinality at most
|{u}| + n(G′2)2 = n−δ−1+22 = n−δ+12 .
We conclude that δ = 3. Let z ∈ N(u)− {y′, y}.
Suppose y and y′ are adjacent. As the subgraph induced by X ′ = {y, y′} contains no isolates, z is adjacent to at most
one vertex of V (G)− N[u]. But then z is adjacent to at least one vertex in {y′, y}, say y. Arguing as previously, we conclude
that z is adjacent to exactly one vertex of V (G)− N[u]. In this case, swapping the labels of vertices z and y, we see that z is
adjacent to every vertex in N(u)− {z}, while y and y′ are both adjacent to exactly one vertex of V (G)− N[u]. If y and y′ are
non-adjacent, it immediately follows that z is adjacent to every vertex in N(u)− {z}.
Suppose that y and y′ have a common neighborw in V (G)−N[u]. Ifw is adjacent to a vertex in V (G)−N[u]− {w}, then,
choosing X ′ = N(y)−{w}, we see that 〈X ′〉 contains no isolates, and sow is adjacent to at least two vertices of V (G)−N[y],
and we are done as before. Thus, N(w) = N(u). Let G′1 = 〈N[u] ∪ {w}〉 and let G′2 = G − G′1. Then δ(G′2) ≥ 2, and by
Observation 5, G has a RDS of cardinality at most |{z}| + n(G′2)2 = 1+
∣∣S ′2∣∣ = n−δ−2+22 ≤ n−δ+12 .
Hence, y and y′ have no common neighbor w in V (G) − N[u]. Let a (a′, respectively) be the unique vertex adjacent to y
(y′, respectively) in V (G)− N[u]. Then a 6= a′.
Suppose z is adjacent to a and a′. Let G′1 = 〈{u, y′, y}〉, and letH = G−G′1. ThenH is a connected graph of order n−3 ≥ 3
with δ(H) ≥ 2. SupposeH ∈ K , and let z ′ be the vertex inH which is not adjacent to z. Then {z, z ′} is aRDS ofG of cardinality
2 ≤ 42 = 3+12 ≤ n−3+12 = n−δ+12 . As z, a and a′ all have degrees at least two in H , while all other vertices in H have degrees
at least three in H , it follows that H 6∈ B. Thus, H 6∈ R, while δ(H) ≥ 2. By Observation 3, H has a RDS S2 of cardinality at
most n(H)−δ(H)+12 ≤ n−3−2+12 = n−δ−12 . If z ∈ S2, then S2 is also a RDS of cardinality at most n−δ−12 . If z 6∈ S2, then S2 ∪ {u} is
a RDS of cardinality at most 1+ n−δ−12 = n−δ+12 .
Thus, z is adjacent to at most one vertex in {a, a′}. Without loss of generality, assume z and a are non-adjacent. Let G′1 =
〈N[u]〉 and letG′2 = G−G′1. If δ(G′2) ≥ 2, then, by Observation 5,G has aRDS of cardinality |{u}|+ n(G
′
2)
2 = 1+ n−δ−12 = n−δ+12 .
Thus, z is adjacent to a′, while a′ is a leaf of G′2.
Note that y and x′ = a are both leaves of G − 〈{u, y′, z}〉. Let G′′1 = 〈{u, y′, z}〉, and let G′′2 be the graph obtained from
G− 〈{u, y′, z}〉 by joining x and ywith an artificial edge. Then δ(G′′2) ≥ 2, while degG′′2 (x) = degG′′2 (y) = 2.
Let C be the component of G′′2 containing x. Let G
′′′
1 = 〈V (G′′1) ∪ V (C)〉 − {ux} and let G′′′2 = G− G′′′1 . Then δ(G′′′2 ) ≥ 2, and
if S1 is a RDS of G′′′1 , then, by Observation 5, G has a RDS of cardinality |S1| + n(G
′′′
2 )
2 .
If C ∈ B, then, since degG′′2 (x) = degG′′2 (y) = 2, we have C ∈ {B1, B2, B3, B4, B5, B6, B8}.
Suppose C ∼= B1. Then, without loss of generality, we may assume that y = u1 and x = u2. Then {z, u4} is a RDS of G′′′1
and so G has a RDS of cardinality 2+ n−δ−42 ≤ n−δ+12 .
Suppose C ∼= B2. Then, without loss of generality, we may assume that y = u1 and x = u2. Then {z, u4, u5} is a RDS of
G′′′1 and so G has a RDS of cardinality 3+ n−δ−52 = n−δ+12 .
Suppose C ∈ {B4, B6, B8}. Let y = uk and x = uk+1. We define u0 = u8. The set S1 = {uk mod 8, u(k+1) mod 8, u(k+4) mod 8,
u(k+5) mod 8} is a RDS of G′′′1 and so G has a RDS of cardinality 4+ n−δ−82 ≤ n−δ+12 .
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Suppose C ∼= B3. Then x = u1 and y = u2, and so {z, u5, u6} is a RDS of G′′′1 , whence G has a RDS of cardinality
3+ n−δ−62 ≤ n−δ+12 .
Suppose C ∼= B5. Then x = u5 and y = u6, and so {z, u3, u4, u7} is a RDS of G′′′1 , whence G has a RDS of cardinality
4+ n−δ−82 ≤ n−δ+12 .
Thus, C 6∈ B, and so (cf. Theorem 1) C has a RDS SC of cardinality at most n(C)−12 . By Observation 5, the graph G′′2 has a
RDS S2 of cardinality at most |SC | + n(G
′′
2)−n(C)
2 =
n(G′′2)−1
2 = n−δ−12 . But then {z} ∪ S2 is a RDS of G of cardinality at most
1+ n−δ−12 = n−δ+12 . 
We are now ready to prove Theorem 2.
Consider the minimum degree vertex u, and suppose u either has Property 3 or Property 4. Then, by Lemma 7, G has a
vertex u′ with Property 1. If u′ is not a minimum degree vertex, then, by Lemma 11, G has a minimum degree vertex with
Property 1 and so, by Lemma 13, we have that γr(G) ≤ n−δ+12 . If u′ is a minimum degree vertex then, by Lemma 13, we are
done.
We may assume that 〈N(u)〉 contains at most one isolate.
If 〈N(u)〉 contains exactly one isolate, then u hasProperty 1 and, by Lemma13,we are done. Thus, assume 〈N(u)〉 contains
no isolates. Let y be an arbitrary vertex in N(u). We partition the set N(u) − {y} into the (possibly empty) sets N1 and N2,
where N1 induces a graph containing only isolates and N2 induces a graph containing no isolates. Note that y is adjacent to
every vertex in N1. If y is adjacent to a vertex in N2, then u has Property 1 and by Lemma 13, we have that γr(G) ≤ n−δ+12 .
Thus, we may assume that y is not adjacent to any of the vertices in N2. If |N1| ≥ 2, then u has Property 1 and we are done.
Thus, |N1| = 1, and so u has Property 4, whence, by Lemmas 7, 11 and 13, γr(G) ≤ n−δ+12 . 
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